In this paper a certain condition on partial latin squares is shown to be sufficient to guarantee that the partial square can be completed, namely, that it have fewer than n entries, and that at most [(n + I)/21 of these lie off some line,where n is the order of the square. This is applied to establish that the Evans conjecture is true for n < 8; i.e., that given a partial latin square of order n with fewer than IZ entries, n < 8, the square can be completed. Finally, the results are viewed in a conjugate way to establish different conditions sufficient for the completion of a partial latin square.
INTRODUCTION
A latin square of order n is an n by n array of cells, based on IZ distinct letters, such that each of its lines contains one each of the n letters. (A line may be either a row or a column.) A partial latin square of order n with m entries is an n by IZ array of cells based on II letters such that exactly m cells of the square are occupied and no line of the square contains two identical letters. Thus, Fig. 1 .1 is a latin square of order five, and Fig. 1 .2 is a partial latin square of order four with eight entries.
We may ask whether a partial latin square of order IZ can be completed to a latin square of order yz, i.e., whether there exists a latin square of order n which agrees with the given partial latin square. This is not always the case; for example, Fig. 1 .2 cannot be completed. In fact for every n > 1 there is a partial latin square of order 12 with n entries that cannot be completed ( Fig. 1.3 Every partial latin square of order n with n -1 or fewer entries can be completed.
With this conjecture as the underlying motivation, we study the completion of partial latin squares.
THE MAIN THEOREM
We will establish (denoting the greatest-integer function by brackets) THEOREM 2.1. Given a partial latin square of order n with fewes than n entries, if there is a line such that there are at most [(n+1)/2] entries ofl this line, then the square may be completed.
To this end we prove several lemmas, some of interest in their own right. b%IMA 2.2. Any given line can be completed in a partial latin square of order n with fewer than n entries.
Proof. We may assume the square has exactly n -1 entries. Through row and column permutations, and possibly a transposition, we may assume the given line is the first row and that the number of entires off this line is k 3 0. So there are n -1 -k entries on the first row and k + 1 empty cells. We label them cells 0, I,..., k and denote by nz, the number of entries in the column cell i lies in, 0 < i < k. Without loss of generality we assume m, > m, > .*. Z mIC . Of course m. + ml + *.. + m,C < k. 
contradicting (2.1). Thus we may complete the given line.
LEMMA 2.3. In a partial latin square of order x with fewer than n -1 entries off a given row (or column), we may complete any one column (row) which intersects the given row (column) in an occupied cell.
ProoJ: We proceed very much like we did in Lemma 2.2. We assume the configuration is as below: .2), whence the column may be completed. These two lemmas combine to form LEMMA 2.4. Given a partial latin square of order n with n -1 entries and a row and column, containing between them at least one of the occupied cells, then the row and column can be completed.
Proof. Assume the row contains an occupied cell. Then there are fewer than IZ -1 entries off that row. By Lemma 2.2 we can complete the row, and by Lemma 2.3 we can complete the column.
We now state two results of a different flavor.
LEMMA 2.5. Any partial r by s latin rectangle can be completed in r + s -1 letters, provided that at most this many letters have already been used in the rectangle.
Proof. Any empty cell can be filled immediately because there are at most (Y -1) and (s -1) letters in its column and row, respectively, to avoid choosing.
The following fundamental theorem is due to Ryser [4] . THEOREM 2.6. Let there be given an r by s partial latin rectangle based on 1, 2,..., n and denote by N(i) the number of occurrences of i in the rectangle. Then the given rectangle may be embedded in a latin square of order n if and only if N(i) Z r + s -n, i = 1, 2 ,..., n.
Proof of Theorem 2.1. By inspection we assume n > 2. We consider two cases. in a latin square of order ~1. Theorem 2.6 assures us this will be so, provided for i = 1, 2,..., 12. This clearly is true for n odd. So if n is even we need to guarantee N(i) > 1, i = 1, 2 ,..., n. We take a closer look at the rectangle and show this is true. before we applied Lemma 2.5. n/2 distinct letters appear already in its first row, so we have N(i) 3 1 already for at least n/2 of the letters. Whence in this partial latin rectangle, at most n/2 of the letters 1,2,..., n do not appear.
We claim there are enough empty cells in the partial latin rectangle to place one each of these not-yet-occurring letters in the rectangle. It will of course remain a partial latin rectangle. The number of emtpy cells is at least (~?/2)~ -(n/2), and as we have H 3 4 (n even, II > 2), (n/2)* -(n/2) > n/2. After permuting the rectangle to the upper-righthand corner, we permute the first (n -1)/2 columns and last (JZ -1)/2 rows so that their heads and tails, respectively, agree with the entries in the first row and last column which we have prescribed. We now have a latin square which agrees with Fig. 2.3 . Our theorem has now been established.
Som CONSEQUENCES OF THE THEOREM
Let us denote by e(n) the minimal number of entries among all partial latin squares of order y1 which are not completable. Figure 1. 3 shows e(n) < n. The Evans conjecture can be stated in this language as The Evans conjecture. e(n) = n.
We obtain some lower bounds for e(n) from Theorem 2.1. Kn + I>/21 + 2 < 44 < % 11 > 3.
Proof. We can show that every partial latin square of order iz with [(n + 1)/2] + 1 entries can be completed, n > 3. For there are fewer than y1 entries in the square, and choosing some line containing an occupied cell, there are at most [(n f 1)/2] entries off this line, so Theorem 2.1 applies.
This estimate can be improved if we use the following result of Marica and Schiinheim [3] . THEOREM 3.2. A partial latin square of order n with n -1 entries, no two on a line, may always be completed.
We now have Proof. This follows from Corollaries 3.1 and 3.3. W7e remark that it is possible to verify e(8) = 8 in the following fashion. By relabeling and permuting we may assume the partial square is one of a fairly small number (less than 30), after applying the techniques above. Use of the conjugate results described in the next section eliminates all but five of these, which can be completed by hand.
THE CONJUGATE RESULTS
We make use of a device due to Cruse employed in [2] . Given a (partial) latin square based on I,..., y1 we form the collection 9 of triples (x, y, z), where z is the entry in the (x, y) cell. Then we form a conjugate 9' of B by taking a permutation u of (I, 2, 3) and defining 9%" corresponds in a readily apparent way to a partial latin square. Moreover, if we call this square conjugate to our original square, we see that a partial latin square can be completed if and only if its conjugates can be completed. Thus we have some results obtained by interpreting the previous results in light of conjugacy of squares. COROLLARY 4.1. Given a partial latin square of order n with fewer that? II entries, if there is a letter such that at most [(n + 1)/2] entries are jlled with letters other than this one, then the square can be completed. COROLLARV 4.2. All n entries of a given letter can be placed in a partial latin square of order PI with n -1 entries. COROLLARY 4.3. In a partial latin square of order n with fewer than n -1 entries not a given letter, we may complete any one line containing the given letter. If there is a line with fewer than n -1 entries ofSit in any partial lafin square of order n, then any letter appearing in that line can be completed, i.e., all n appearances of that letter can be put in the square. COROLLARY 4.4. Given a partial latin square of order n with n -1 entries, and a lilje and a letter such that some entry lies on the line or th.e letter is some entry, we may complete the line and the letter.
